Transition inverse temperatures ͑or ⌫ values͒ at the fluid-solid phase boundary of Yukawa systems near the one-component-plasma ͑OCP͒ limit have been evaluated by molecular dynamics simulations. These values are systematically smaller than those obtained in an earlier study by Farouki and Hamaguchi ͓J. Chem. Phys. 101, 9885 ͑1994͔͒. The discrepancy is attributed to the fact that, in the earlier study, the harmonic entropy constants were approximated by that of the OCP, whereas the new results are based on more accurate harmonic entropy constants obtained from lattice-dynamics calculations. The new molecular dynamics simulations also confirm that the bccfcc phase transition curve is in good agreement with that of the quasiharmonic theory in the regime р1.4, where is the ratio of the Wigner-Seitz radius to the Debye length. Examples of Yukawa systems include dusty plasmas and colloidal suspensions.
I. INTRODUCTION
Plasmas containing small solid particles, i.e., ''dusty'' plasmas, have attracted much attention recently. In the semiconductor industry, such particles are known to cause damage to substrates during plasma processing. In space plasmas, the existence of such particles affects various optical observations.
Small particles in a plasma are typically negatively charged, due to the high mobility of electrons, and they interact with each other through a Yukawa-type ͑i.e., screened Coulomb͒ pair potential ͓see Eq. ͑1͒ below͔. Laboratory experiments have recently demonstrated that, when the interparticle potential energy exceeds the kinetic energy, particulates in plasmas may form crystalline structures.
1-7 The Yukawa system is also known to model colloidal particles suspended in electrolyte solutions. Crystalline structures of colloids are also commonly observed in experiments. 8 In a recent study by Farouki and Hamaguchi, 9 the fluidsolid ͑i.e., freezing-melting͒ phase transition curve was obtained for Yukawa systems near the one-component-plasma ͑OCP͒ limit, based on molecular dynamics ͑MD͒ simulations. In their derivation of the phase-transition curve, however, those authors used an approximate value for the harmonic entropy constants ⌺͑͒ ͓defined in Eq. ͑10͒ in Sec. II below͔ of Yukawa systems. The goal of this paper is to reevaluate the phase-transition curve using more accurate values of the harmonic entropy constants obtained from lattice dynamics calculations, and thus to present more accurate transition temperatures ͑or ⌫ values͒.
As in Ref. 9 , we consider a system of identical particles of mass m, charge QϭϪZe(Zӷ1) immersed in a neutraliz- with q i , n i , and T i being the charge, mean density, and temperature of plasma ions, and Ϫe, n e , and T e the corresponding quantities for plasma electrons. Using the Wigner-Seitz radius aϭ(3/4n) 1/3 as the unit of length, where n is the particle number density, we may describe the thermodynamics of the Yukawa system in terms of two dimensionless ratios:
Note that parameter ⌫ is roughly the ratio of the ͑unscreened͒ Coulomb potential energy to the kinetic energy per particle. In this paper, we focus on the regime of weak Debye screening ͑Շ1͒ as in Ref. 9 , which is relevant to experimental observations of strongly coupled particulate systems in plasmas. In the limit →0, the Yukawa system becomes the OCP ͑a system of mobile charges immersed in a strictly uniform neutralizing background͒, which has been extensively studied [10] [11] [12] [13] [14] [15] [16] as a model for the interior of white dwarf stars. In this sense, the Yukawa system may be considered a classical generalization of the OCP.
II. FREE ENERGY CALCULATIONS
We employ the MD technique and free energy calculation method described in Ref. 9 . We briefly summarize these methods in this section.
For MD simulations in the week-screening regime, where the range of the interparticle force becomes comparable to or greater than the side L of the cubical simulation volume, one must use the effective pair potential ⌽͑r͒ϭ͉͑r͉͒ϩ ͚ n 0 ͉͑rϩnL͉͒, which reflects periodic boundary conditions imposed on the simulation box, to emulate correct particle-particle interactions. In the above equation, ⌽͑r͒ represents the interaction energy of particle i with particle j ͑at separation rϭr j Ϫr i ͒ and with all periodic images of the latter. The infinite sum of over integer vectors nϭ(l,m,n) represents the periodic images. Numerically this periodic image potential is approximated by a tensor-product spline function interpolating an array of 40ϫ40ϫ40 discrete values, summed to high accuracy. The approximation can be efficiently evaluated in the simulations and has a fractional deviation from the exact value of no more than ϳ10
Ϫ7
. Full details of the approximation scheme may be found in Ref. 17 .
The total potential energy ͑or ''excess energy''͒ U of the model system with periodic boundary conditions is then given by
where N is the number of particles, ⌳ϭL/aϭ(4N/3) 1/3 is the size of the cubical simulation volume in units of the Wigner-Seitz radius, i ϭr i /a is the dimensionless location of particle i, and ⌽ ϭ4⑀ 0 a⌽/Q 2 . The energy associated with the background plasma in Eq. ͑4͒ is not just the potential energy, but the free energyincluding the contribution of the entropy associated with thermal motions of the plasma ions and electrons. Thus, the partial derivative of U with respect to r i gives the true force on the ith particle. 18 In Eq. ͑4͒, the second term inside the square bracket represents the free energy ͑excluding the uniform ideal-gas free energy͒ of the background plasma that, on average, neutralizes the charge of the particulates. The third term represents the free energy of each Debye sheath ͓see Eq. ͑17͒ of Ref. 19͔ , and the fourth term represents the energy of interaction of each particulate with its own images under periodic boundary conditions. As →0, the first, second, and last terms on the righthand side of Eq. ͑4͒ diverge in such a manner that the limiting value of U equals the well-known expression U OCP for the OCP potential energy given by, for example, Eqs. ͑6͒ and ͑8͒ of Ref. 9 . As the screening length increases ͑i.e., as →0͒, each particulate has an increasingly strong interaction with both the charge-neutralizing background plasma and the other charged particulates. Thus, the magnitude of the background-plasma free energy-the second term in Eq. ͑4͒-increases to cancel the increase of direct electrostatic interactions among charged particles, i.e., the first and last terms in Eq. ͑4͒.
To see the correspondence between the Yukawa system and OCP system more clearly, one may write
Then, in the OCP limit →0, one can show that the pair potential and energy constant U 0 converge to those of the OCP, i.e., → OCP and U 0 →U 0 OCP , where
For further details, the reader is referred to Ref. 18 . We denote the internal energy and Helmholtz free energy per particle in units of kT by
The thermal component of the potential energy is defined by
where u ϱ ͑͒ represents the Madelung energy ͑for an appropriate lattice͒ per particle in units of kT. We also define
i.e., the Madelung energy per particle in units of Q 2 /4⑀ 0 a, so that u ϱ ()ϭE()⌫. In the limit of zero temperature ͑i.e., ⌫→ϱ͒, we evidently have u(,ϱ)ϭu ϱ (). At zero temperature, the bcc Madelung energy is smaller than the fcc Madelung energy 9 ͓E bcc ͑͒ϽE fcc ͑͒ for Ͻ1.066͔. The bcc-fcc phase transition can therefore occur only for Ͼ1.066.
Since ‫ץ‬ f /‫⌫ץ‬ϭu͑,⌫͒/⌫, the dimensionless Helmholtz free energy for the fluid phase may be defined by
Here the last term represents the ideal-gas contribution to the total free energy, i.e.,
where (kT) Ry denotes kT measured in Rydberg units,
2 m, for the particle. Although f ideal depends on (kT) Ry as well as ⌫, we do not explicitly express the dependence on the former for the sake of simplicity.
For the solid phase, we use
where u th Ϫ3/2 is the anharmonic component of the potential energy in units of kT. The free energy for the harmonic lattice vibration is given by where ⌺͑͒ denotes the harmonic entropy constant, i.e.,
⌺͑ ͒ϭ lim
Here p ϭͱQ 2 n/⑀ 0 m is the plasma frequency of the particles and the sum is taken over the 3NϪ3 normal-mode frequencies k for the oscillation of a lattice of N particles. The eigenfrequencies k of an N-particle Yukawa lattice may be computed using standard techniques, 20 and the quantity ⌺͑͒ can then be estimated for various values by letting N→ϱ. Table I gives the values of ⌺͑͒ for bcc and fcc Yukawa lattices. The OCP values ͑i.e., ϭ0͒ in Table I are  taken from Table I 
III. PHASE TRANSITION
MD simulations are used to evaluate the potential energy u for given values of the thermodynamic variables and ⌫. Details of the simulation method may be found in Refs. 9, 16, and 17. The number of particles N used for the simulations reported here and in Ref. 9 are Nϭ686 for a bcc and Nϭ500 for a fcc lattice. These lattices are used as initial conditions, and the system is allowed to equilibrate to the desired ⌫ for 100 time units before averaging its properties over 100ϽϽ300. Here the time unit is defined to be ) p Ϫ1 , so that ϭ p t/). Cases that melted to a fluid state did so well before ϭ100.
For the fluid phase, we fit measured potential energies to the expression u͑,⌫ ͒ϭa͑ ͒⌫ϩb͑͒⌫ s ϩc͑ ͒ϩd͑ ͒⌫ Ϫs , ͑11͒
with sϭ1/3. This functional form has been applied to internal energy fitting of various OCP simulations. 14 Writing To fit the fluid data given in To avoid divergence on substituting expression ͑11͒, we write Eq. ͑6͒ as
͓Note that f 1 ͑͒ is denoted as f ͑,1͒ in Ref. 9 ; we employ a new notation here since f fluid ͑,⌫͒ in this paper includes f ideal ͑⌫͒-the ideal gas contribution-whereas the fluidphase free energy f ͑,⌫͒ in Ref. 9 is defined to exclude the ideal gas contribution.͔ The integral f 1 ͑͒ is evaluated through a direct Simpson-rule quadrature of the u/⌫ values obtained from MD simulations. For the solid phase, the following form for the thermal potential energy is assumed:
where 3/2 is the harmonic component, and the power series in ⌫ Ϫ1 represents the anharmonic terms. From a least-squares fit of the bcc solid phase data given in Table II of Ref. 9 over the dual independent variables and ⌫, we obtain
for bcc lattices with р1. For Ͼ1, we do not use Taylor-series expansions in for the coefficients, as defined by Eqs. ͑12͒-͑20͒. Instead we fit the potential energy functional forms, Eqs. ͑11͒ and ͑18͒, directly to the simulation data for each value separately. For ϭ1.2 and 1.4, the u/⌫ values for the fluid phase, bcc solid phase, and fcc solid phase are given in Tables II, III, and IV, respectively. Note that u/⌫→Ϫ/2 as ⌫→0 ͑in the fluid phase͒. The value Ϫ/2 represents the energy of the Debye sheaths. 19 Least-squares fitting of the functional forms to these data ͑⌫у1͒ yields the coefficient values shown in Tables V and VI. Since for Ͼ1.066 the fcc lattice becomes more stable than the bcc lattice at zero temperature, we have fitted the solid-phase function ͑18͒ to the data of bcc and fcc lattices separately. The numerical values of f 1 ͑͒, which are listed in Table VII , are obtained from a Simpson-rule numerical For a given , the intersection of the free energies of the fluid and solid phases gives the transition ͑i.e., melting or freezing͒ ⌫ value ͑i.e., ⌫ m ͒. In Table IX we list ⌫ m for various values. As mentioned above, we have used the dualvalue ͑⌫ and ͒ fitting of the free energies for р1.0 and the single-value ͑i.e., ⌫ only͒ fitting for ϭ1.2 and 1.4 separately. To check the consistency of this approach, we also applied the single-value fitting method to the cases р1, and found that it gave ⌫ m values very similar to those from the dual-value fit. For example, ⌫ m for ϭ1.0 obtained from the single-value fit is 217.8, whereas ⌫ m from the dual-value fit is 217.4. Similarly, for the OCP case ͑ϭ0͒, the single-value fit gives 171.2 while the dual-value fit gives 171. 8 . These values are essentially in very good agreement with most recent ⌫ m estimates for the OCP system. 16, 23, 24 Figure 1 shows the phase diagram in the -⌫ plane. The closed circles represent the data points given in Table IX 
IV. CONCLUDING REMARKS
Earlier studies [25] [26] [27] [28] have employed normalizations different from Eq. ͑5͒ to represent the particulate temperature T and the Debye screening length D . For example, one may use ϭn
Ϫ1/3
, instead of the Wigner-Seitz radius a, as the length unit, and define Kϭ/ D . Kremer, Robbins, and Grest 25 normalized the temperature T by the typical phonon energy of the fcc Yukawa lattice according to
where E is the Einstein frequency for the fcc Yukawa lattice, defined by
with all particles at the fcc lattice sites. The Einstein frequency is related to the Madelung energy E fcc ͑͒ in units of
͑23͒
It follows from Eqs. ͑3͒, ͑22͒, and ͑23͒ that the dimensionless temperature T is related to and ⌫ as
.
͑24͒
Equation ͑23͒ evidently becomes 1, and T ϭ͑3/4͒
2/3 /⌫, in the OCP limit →0. The Einstein phonon energies for the fcc Yukawa lattice in units of Q 2 /4⑀ 0 , i.e.,
are given in Table X.  Table IX also shows T m , i.e., the dimensionless temperature T at the fluid-solid phase transition. These are plotted in Fig. 2 Ϫ3 for ϭ2.39, which are in good agreement with the earlier results. More details of our MD simulation for Ͼ1.4 will be presented in a future publication. Table XI lists transition values of ⌫ and T at the bccfcc phase boundary, i.e., the intersection of the bcc and fcc solid free energies. These transition temperatures are also plotted in Fig. 2 . The dotted line represents the phase transition curve obtained from the quasiharmonic theory, 26 which is in excellent agreement with our simulation results. Note that the bcc-fcc phase transition curve is off-scale in Fig. 1 .
In summary, we have obtained the fluid-solid phase boundary curve of the Yukawa system in the weakly screened regime ͑р1.4͒. Unlike other MD or MC methods in earlier studies, where interparticle forces are calculated by pairwise summation over particles within a cut-off radius, our MD simulations use interparticle potentials summed over all particles, including all periodic images of particles residing in the cubical simulation box. Thus, long-range particle interactions are accurately taken into account in this method for the entire range of , including the unscreened ͑i.e., OCP͒ limit, ϭ0. Our MD simulation method thus fills the gap between earlier extensive studies of the OCP system and strongly screened Yukawa systems.
Earlier estimates of the melting/freezing phase boundary for the Yukawa system in the weak-screening regime 9 were based on the approximate value of the harmonic entropy constant, ⌺͑͒ϭϪ2.4938 for all р1 ͑which is exact only for ϭ0͒. In the present study, we have recalculated ⌫ m using correct ⌺͑͒ values that are obtained from lattice dynamics calculations. The new ⌫ m values are presented in Table IX and Fig. 1 , and are found to be systematically lower than the earlier approximate ⌫ m estimates in Ref. 9 .
It is known that the entropy change per particle at the fluid-solid phase transition-i.e., ⌬sϭs fluid Ϫs solid , where sϭS/Nk with FϭUϪST-is almost constant over a wide temperature range. Recently Rosenfeld assumed ⌬sϭ0.75 ͑the OCP result from Refs. 14 and 29͒ and used the energy data from MD simulations by Farouki and Hamaguchi 9 to obtain the melting ⌫ values in the weak screening region ͑р1͒, 30 which are in good agreement with our ⌫ m values shown in Table IX and Fig. 1 . We directly calculate the entropy change ⌬s from our MD simulations, using the relation ⌬uϪ⌬sϭ f fluid Ϫf solid ϭ0 at ⌫ϭ⌫ m . 
